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Abstract
In this (partly expository) paper we describe some of our recent results on graph planarity.
These results concern strengthenings of Kuratowski’s planarity criterion for quasi-4-connected
graphs, for bipartite quasi-4-connected graphs, and for cubic bipartite graphs as well as gen-
eralizations of matroid duality of graphs and strengthenings of Whitney’s planarity criterion.
c© 2001 Elsevier Science B.V. All rights reserved.
1. Introduction
We consider undirected graphs. All notions on graphs that are not dened here can
be found in [4].
A graph is planar if (roughly speaking) it can be drawn in the plane so that its
edges do not intersect except possibly for their ends.
Graph planarity theory is one of the classical elds of graph theory related with
matroid theory, topological graph theory, theory of convex polytopes and some other
areas (see, for example, [1,5,9,31,33,34,44,42]). Many and various publications have
been devoted to the study of planar graphs. The list of references is a small subset of
them.
There are dierent ways to characterize planar graphs. Classical planarity criteria due
to Kuratowski, Whitney, and MacLane characterize planar graphs in terms of forbidden
subgraphs, the circuit matroid of a graph and matroid duality, and linear independence
in the cycle space of a graph, respectively [30,32,45].
The notions of a vertex in a matroid introduced in [10,12] turned out to be very
useful and allowed us to understand and to prove many interesting properties of
planar graphs. A vertex of the circuit matroid of graph and its dual is a so-called
non-separating circuit and non-separating cocircuit of a graph, respectively. Non-
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separating circuits in a graph were studied in many papers (see, for example, [10,12,
23,37,39,41]).
It turns out that a 3-connected graph G is planar if and only if every edge belongs
to exactly two non-separating circuits in G [10,12,13]. This natural characterization of
3-connected planar graphs together with the notion of a non-separating cocircuit allow
us not only to give simple proofs of classical Whitney’s results on matroid isomor-
phism and matroid duality of graphs but also to better understand interrelation between
dierent planarity criteria [10,12,13,22]. This criterion also allows us to establish some
properties of a graph circuit double cover (i.e. a set of circuits of a graph that cover
each edge exactly twice). Planar graphs can also be characterized by a collection
of closed walks that interact with the cycles and cocycles of the graph in a special
manner [2].
Since planarity problem for arbitrary graphs can naturally be reduced to the problem
for 3-connected and moreover for quasi-4-connected graph, it is natural to study these
classes of graphs from the planarity point of view. It turns out that many known
results on graph planarity and duality can be strengthened for these classes of graphs
[11,13,14,16{18,22,23,36].
Special embeddings of graphs into the plane is another interesting part of graph
planarity theory (see, for example, [7,26,35,38,40,41,43]).
There are new developments in graph planarity theory since expository paper [22]
on this topic was published.
In this (partly expository) paper, we describe some of our recent results on graph pla-
narity and duality. These results concern strengthenings of Kuratowski’s planarity crite-
rion for quasi-4-connected graphs, for bipartite quasi-4-connected graphs, and for cubic
bipartite graphs as well as generalizations of matroid duality of graphs and strength-
enings of Whitney’s planarity criterion.
Some of the results described here were presented at the 28th and 29th South
eastern International Conferences on Combinatorics, Graph Theory and Computing
(1997 and 1998), International Colloquium on Extremal Graph Theory, Hungary (1997),
and DIMACS Workshop on Topological Graph Theory (1998) [24,25,27,28].
2. Some notions and notation
Let V (G) and E(G) denote the set of vertices and edges of a graph G, respectively.
A graph G is called 2-connected if G has no loops and at least two vertices, for
jV (G)j= 2; G has at least two parallel edges, and for jV (G)j>3 the graph, obtained
from G by deleting any one vertex, is connected.
A graph G is called k-connected, k>3, if G has no loops or parallel edges,
jV (G)j>k + 1, and the graph obtained from G by deleting any k − 1 vertices is
connected.
A vertex subset A of a graph G is called a vertex cut of G if G − A has more
components than G.
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A vertex cut A of a connected graph G is called non-essential if G − A consists of
exactly two components one of which is a tree, and essential otherwise. For example,
each vertex 3-cut X of K3;3 is essential because K3;3−X has three components although
each component is an isolated vertex.
A graph is called quasi-k-connected, k>3, if it is 3-connected and has no essential
vertex s-cuts and no s-circuits for s6k − 1.
An edge subset K of a graph G is called an edge cut or simply a cut of G if GnK
has more components than G.
An edge subset K of a graph G is called a cocircuit or a minimal cut of G if
(c1) K is a cut and
(c2) K is minimal (by inclusion) with respect to property (c1), i.e. GnX has the same
number of components as G for every X K .
Let X E(G). As usual we denote by GnX and G=X the graphs obtained from G by
deleting and contracting the edges from X , respectively.
To subdivide an edge e= xy in G by a vertex z means to replace e in G by a path
xzy where z 62 V (G). A graph G is a subdivision of a graph H if G can be obtained
from H by a series of edge subdivisions.
Let N (x; G) denote the set of vertices in G adjacent to x, and d(x; G) denote the
degree of a vertex x, i.e. the number of edges incident to x in G (a loop is counted
twice), and so d(x; G) = jN (x; G)j if G is a simple graph.
Let G and H be two graphs. Put Hh=(H−h; N (h; H)). If jN (h; H)j=k, then we call
Hh a k-pole. A k-pole Hh is called planar (s-connected) if H is a planar (respectively,
s-connected) graph. Let  :N (g; G)! N (h; H) be a bijection. Let Gg(:)hH =Gg : hH
denote the graph obtained from disjoint graphs G− g and H − h by identifying x with
(x) for each x2N (g; G). We say that Gg(:)hH = Gg : hH is obtained from G by
replacing its vertex g by a k-pole Hh.
Let G0 be the graph obtained from G by subdividing each edge e incident to g by
one vertex. Let Gg()hH denote the graph G0g(:)hH .
Let e be an edge of G. Let G0 be obtained from G by subdividing e into two edges
by a new vertex z. We say that G0z(:)hH is obtained from G by replacing its edge e
by a two-pole (H − h; N (h; H)) where h is a vertex of H .
A path P in G is called a thread of G if all vertices of P, except for its end vertices,
are of degree two in G.
3. Subdivisions of K3;3 in quasi-4-connected graphs
In this and in the next section we describe recent results on strengthenings of the
Kuratowski planarity criterion and some related topics. These results have been briey
described in [24,25].
In 1981 we proved our earlier conjecture [15] concerning the following strengthening
of the Kuratowski planarity criterion.
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3.1 (see also [14,16,36]). A 3-connected graph distinct from K5 is non-planar if and
only if it contains a subdivision of K3;3 in which three edges forming a matching are
not subdivided. In other words; a 3-connected graph distinct from K5 is non-planar if
and only if it contains a circuit with three overlapping chord-edges.
We also gave a construction showing that in the above theorem condition three edges
forming a matching cannot be replaced by four edges or by at least two adjacent
edges. This construction used substantially triangles. Therefore, it is natural to consider
3-connected graphs having no triangles and to ask whether the above theorem can be
improved in this case. The following construction (similar to that in [14]) gives an
answer to this question.
Let G be a cubic graph and let G0 be obtained from G by subdividing each edge into
three edges. Let G(Hh) denote a graph obtained from G0 by replacing every vertex of
degree three in G0 by a three-pole Hh. If in particular, H =K4 then G(Hh) is obtained
from G by replacing each vertex of degree three in G by a triangle.
It is easy to show that
3.2: Let G be a cubic graph; H be a graph; and h be a vertex of degree three in H .
Then
(a1) if F is a subdivision of K3;3 in G(Hh) then at least one of two adjacent edges
of K3;3 is subdivided in F;
(a2) if G and H are 3-connected; then G(Hh) is also 3-connected;
(a3) if G and H are bipartite then G(Hh) is also bipartite;
(a4) if G is non-planar then G(Hh) is also non-planar; and
(a5) if G and H − h have no triangles then G(Hh) also has no triangles.
Therefore we have from 3.2
3.3: Let G be a cubic; 3-connected and non-planar graph. Let H be a 3-connected
planar graph; and h be a vertex of degree three in H . Then
(a1) G(Hh) contains a subdivision of K3;3 and
(a2) if F is a subdivision of K3;3 in G(Hh) then at least one of two adjacent edges
of K3;3 is subdivided in F ; therefore the set of edges of K3;3; that are not sub-
divided in F; form a matching in K3;3; and so at most three edges of K3;3 are
subdivided in F .
The construction described above provides innitely many 3-connected non-planar
graphs that do not contain subdivisions of K3;3 with more than three non-subdivided
edges, and there are innitely many graphs among them that have no triangles. There-
fore Theorem 3:1 is tight even for 3-connected graphs having no triangles.
Notice that in the above construction G(Hh) has a matching 3-cut (i.e. an edge
3-cut forming a matching). Thus, a natural question arises as to whether Theorem 3:1
can be improved for 3-connected graphs having no triangles and no matching 3-cuts.
A. Kelmans /Discrete Mathematics 230 (2001) 149{166 153
Let G be a cubic graph and let G00 be obtained from G by subdividing each edge
into two edges. Let GfHhg denote a graph obtained from G00 by replacing every vertex
of degree three in G00 by a three-pole Hh.
It is easy to show that
3.4: Let G be a cubic graph; H be a graph; and h be a vertex of degree three in H .
Then
(a1) if every two distinct vertices in N (h; H) are on distance at least three in H − h;
then for every subdivision F of K3;3 in GfHhg at least one of two adjacent
edges of K3;3 is subdivided in F;
(a2) if G and H are 3-connected; then GfHhg is also 3-connected;
(a3) if G and H are bipartite then GfHhg is also bipartite;
(a4) if G is non-planar then GfHhg is also non-planar,
(a5) if G and H − h have no triangles then GfHhg also has no triangles; and
(a6) if G and H are edge 3-connected and have no matching 3-cuts; then GfHhg is
also edge 3-connected and has no matching 3-cuts.
Therefore we have from 3.4
3.5: Let G be a cubic, 3-connected, and non-planar graph. Let H be a 3-connected
planar graph having no triangles and no matching 3-cuts, and h be a vertex of degree
three in H . Suppose that every two distinct vertices in N (h; H) are on distance at
least three in H − h. Then
(a1) GfHhg contains a subdivision of K3;3 and
(a2) if F is a subdivision of K3;3 in GfHhg then at least one of two adjacent edges of
K3;3 is subdivided in F ; therefore the set of edges of K3;3, that are not subdivided
in F , form a matching in K3;3, and so at most three edges of K3;3 are subdivided
in F .
Thus, there are innitely many 3-connected non-planar graphs that have no triangles and
no matching 3-cuts and that do not contain subdivisions of K3;3 with more than three
non-subdivided edges. Therefore, Theorem 3:1 is tight even for 3-connected graphs
having no triangles and no matching 3-cuts.
Notice that the above constructions use substantially either triangles or essential
vertex 3-cuts of graphs, and therefore the graphs provided by these constructions are
not quasi-4-connected. Thus, a natural question arises as to whether Theorem 3:1 can
be improved for quasi-4-connected graphs by replacing the theorem condition three
edges forming a matching by four edges or by at least two adjacent edges.
In 1994, we proved that the strengthening 3.1 of the Kuratowski theorem for
3-connected graphs can further be strengthened for quasi-4-connected graphs as follows.
Let Pm denote a path with m edges and E denote the graph obtained from P4 by
adding a new vertex and a new edge connecting this new vertex with the ‘middle’
vertex of P4. Clearly, E is a tree with ve edges (and E is of the shape of letter E).
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3.6 ([24,25,29]). A quasi-4-connected graph is non-planar if and only if it contains a
subdivision of K3;3 in which ve edges are not subdivided, and these ve edges form
a spanning tree in K3;3 isomorphic to either P5 or E.
Since every subgraph of K3;3 with at least six edges has a circuit of four or six
edges, it follows that
3.7: Let G be a graph having no circuit of four or six edges. If H is a subdivision
of K3;3 in G then at most ve edges of K3;3 are not subdivided in H .
Therefore, there are innitely many quasi-4-connected non-planar graphs G such that
in every subdivision of K3;3 in G at most ve edges of K3;3 are not subdivided. Thus
Theorem 3:6 is tight.
Since both P5 and E contain P4, we have from 3.6
3.8 ([29]). A quasi-4-connected graph is non-planar if and only if it contains a sub-
division of K3;3 in which four edges are not subdivided, and these four edges form a
path in K3;3.
Notice also that both P5 and E contain a 3-matching. Therefore 3.6 is a natural
strengthening of our previous result 3.1 for quasi-4-connected graphs.
There is another direction in which the Kuratowski planarity criterion can be strength-
ened for quasi-4-connected graphs:
3.9: Let G be a quasi-4-connected graph. Then the following are equivalent:
(c1) G is a non-planar graph,
(c2) for every edge e of G there exists a subgraph H of G such that H is a subdivi-
sion of D=K3;3, D has three edges forming a matching that are not subdivided
in H , and e is one of these three non-subdivided edges.
We also can prove that
3.10: Let G be a quasi-4-connected graph. Then the following are equivalent:
(c1) G is a non-planar graph,
(c2) for every vertex v of G there exists a subdivision H of K3;3 in G such that v
is not a vertex of degree three in H or, equivalently,
(c20) for every vertex v of G there exists a subdivision H of K3;3 in G and an edge
e of G such that e 62 E(H).
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4. Planarity of bipartite graphs
Let H be a graph. A subdivision H of H is said to be odd if every edge of H is
subdivided in H into an odd number of edges.
It is easy to see that
4.1: Let G be a bipartite graph with bipartition (Ag; Bg), H a subgraph of G, and
H a subdivision of a bipartite graph H with bipartition (Ah; Bh). Then H is an odd
subdivision of H if and only if AhA and BB where fA; Bg= fAg; Bgg.
We call a tree T odd if every thread of T has an odd number of edges. We need
the following simple fact.
4.2: Let G and H be connected bipartite graphs, and let H be a subdivision of H in
G. Then H is an odd subdivision of H if and only if H has an odd spanning tree.
Proof: Since L is connected and H is a subdivision of H , clearly H has a spanning
tree.
If H is an odd subdivision of H then obviously H has an odd spanning tree.
Now suppose that H has an odd spanning tree T . Let T be the corresponding
spanning tree in H , and e 2 E(H)nE(T ). We want to prove that the path Pe in H ,
which is a subdivision of e in H , has an odd number of edges. Let Ce be the circuit
of H in T [ e. Since H is bipartite, the circuit Ce has an even number of edges,
and therefore the path Le = Cene has an odd number of edges. Let Ce and Le be the
subgraphs of H corresponding to Ce and Le, respectively. Clearly Ce = Le [ Pe is a
circuit in H and therefore in G. Since G is bipartite, the circuit Ce has an even number
of edges. Therefore Pe has an odd number of edges.
By using 3.6 and 4.2, one can easily prove the following strengthening of the
Kuratowski theorem for bipartite quasi-4-connected graphs.
4.3: A quasi-4-connected bipartite graph is non-planar if and only if it contains an
odd subdivision of K3;3 in which ve edges of K3;3 are not subdivided and these ve
edges form a spanning tree in K3;3 isomorphic to P5 or E.
From 4.3 we have
4.4: Let () be one of the operations (:), () and let G=Ff()hH (see Section 2).
Suppose that jN (f; F)j = jN (h; H)j = 3, G is a bipartite 3-connected graph, F is a
bipartite, quasi-4-connected and non-planar graph, and H has a vertex non-adjacent
to h. Then G contains an odd subdivision of K3;3.
Proof (uses 4.3). Put X =N (f; F), F 0 = F −f and H 0 =H − h. We can assume that
X = F 0 \ H 0V (G). Since F is bipartite, quasi-4-connected and non-planar, by 4.3,
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F has an odd subdivision L of K3;3. If f 62 V (L) then L is also a subgraph of G, and
we are done.
Therefore let f 2 V (L). Let S(f) = ffx: x 2 X g. Then E(L) \ S(f) 6= ;.
We know that G and F are bipartite graphs. Let fAg; Bgg and fAf; Bfg be the
corresponding proper bipartitions of G and F . We can assume that f 2 Bf, and so
fAf; Bfnfg is a proper bipartition of F .
Since F is 3-connected, clearly F 0=F−f is connected (even 2-connected). Hence F 0
has a unique proper bipartition. Therefore, we can assume that Af Ag and BfnfBg
because F 0 is a subgraph of G. Since F is bipartite and f2Bf, clearly X Af Ag.
Since G is bipartite and V (H 0 − X ) 6= ;, we have: V (G − F 0) \ Bg 6= ;. Let w 2
V (G − F 0) \ Bg.
Since G is 3-connected, by the Menger theorem, there exist three inner disjoint paths
wPxx, x 2 X in G such that V (F 0) \ Px = x. Let L0 be obtained from L by replacing
every edge xf in E(L) \ S(f) by the corresponding path from Px. Obviously, L0 is
a subgraph of G. Since L is a subdivision of K3;3, clearly L0 is also a subdivision of
K3;3. Since X Ag and w 2 Bg, each path Px, x 2 X , has an odd number of edges.
Now since L is an odd subdivision of K3;3, it follows that L0 is also an odd subdivision
of K3;3.
By using 4.4, one can easily prove the following.
4.5: Let () be one of the operations (:), (). let F be a bipartite, quasi-4-connected
and non-planar graph and f be a cubic vertex of F . Put F1 = F and f1 = f. Let
Fi = Fi−1fi−1()hi−1Hi−1; where fi−1 and hi−1 are cubic vertices of Fi−1 and Hi−1,
respectively, jV (Hi−1)j>5, and Fi is a bipartite 3-connected graph, i=2; : : : ; k. Then
every Fs, s= 1; : : : ; k, contains an odd subdivision of K3;3.
We have a construction providing innitely many bipartite and non-planar graphs
that are 3-connected, but not quasi-4-connected (or the same, 3-connected with essential
3-cuts) and that do not have odd subdivisions of K3;3. By 4.5, the graphs provided by
this construction cannot be obtained from a bipartite, quasi-4-connected and non-planar
graph by the recursive procedure described in 4.5.
5. Planarity of cubic bipartite graphs
Now let us consider cubic bipartite graphs.
One can easily show that
5.1: Let G be a connected cubic graph. Let K be a minimum edge cut of G and
k = jK j. Then
(c1) a minimum vertex cut of G has k vertices, and so G is k-connected, and
(c2) if K is not a vertex star, then K is a matching.
For bipartite cubic graphs we have in addition
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5.2 ([20]). Let G be a connected, cubic and bipartite graph with bipartition (A1; A2).
Let K be a minimum edge cut-matching of G, C1 and C2 be two components of GnK ,
and Xi be the set of vertices in Ci incident to edges in K . Let (Ci)=jXi\A1j−jXi\A2j.
Then (Ci) is divisible by three, i = 1; 2.
Proof: Since K is a minimum edge cut, GnK consists of exactly two components C1
and C2. Let C be Ci and X = Xi for some i = 1; 2. Since K is a matching, jX j= jK j.
Since G is bipartite, clearly C is also bipartite. Since G is cubic, d(x; C)=2 if x 2 X ,
and d(x; C)= 3 if x 2 V (C)nX . Then Si =Pfd(v; C): v 2 C \Aig=3(jC \Aij − jX \
Aij) + 2jX \ Aij = 3jC \ Aij − jX \ Aij for i = 1; 2. Since jE(C)j = S1 = S2, we have
(Ci) = jXi \ A1j − jXi \ A2j= 3(jC \ A1j − jC \ A2j). Therefore (C) is divisible by
three.
Now we can prove the following strengthening of the Kuratowski planarity criterion
for cubic bipartite graphs.
5.3: A cubic bipartite graph is non-planar if and only if it contains an odd subdivision
of K3;3.
Proof (uses 4.3, 5.1, and 5.2). Let G be a cubic, bipartite and non-planar graph. Let us
prove by induction on the number of vertices of G that G contains an odd subdivision
of K3;3. The minimum cubic and non-planar graph is a bipartite graph K3;3. Obviously
our statements is true for K3;3. Now let G be a cubic, bipartite and non-planar graph.
Clearly we can assume that G is connected.
Let K be a minimum edge cut of G and k = jK j.
(p1) Suppose that k = 1. Then (C) = 1. Therefore (C) is not divisible by three.
This contradicts 5.2.
(p2) Suppose that k = 2. Let C0i be the graph obtained from component Ci of GnK
by adding a new edge fi = xiyi, where xi and yi are the two distinct vertices of Ci
incident to edges in K . It is easy to see that since G is non-planar, at least one of
the graphs C01, C
0
2 is non-planar. Let C1 be non-planar. By 5.2, (C1) is divisible by
3, and so x1 and y1 belong to dierent parts in the bipartition of G. Therefore C01
is a bipartite graph. Since jV (C01)j< jV (G)j, by the induction hypothesis, C01 has an
odd subdivision H of K3;3. If f1 62E(H), then H is an odd subdivision of K3;3 in
G, and we are done. Therefore let f1 2E(H). Since C2 is connected, G has a path
P connecting x1 and y1 and such that C1 \ P = fx1; y1g. Let H 0 be obtained from
H by substituting P for the edge f1. Clearly H 0 is a subgraph of G. Since H is a
subdivision of K3;3, clearly H 0 is also a subdivision of K3;3. Since x1 and y1 belong
to dierent parts in bipartition (A; B), clearly the path P has an odd number of edges.
Now since H is an odd subdivision of K3;3, clearly H 0 is also an odd subdivision
of K3;3.
(p3) Now suppose that k = 3, i.e. G is 3-connected.
(p3.1) Suppose that there exists a minimum cut K in G which is not a vertex star.
Then by 5.1 above, K is a matching. Let C0i be the graph obtained from the component
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Ci of GnK by adding a new vertex v and three new edges Xi=vxi, Yi=vyi and Zi=vzi
where xi, yi, and zi are the three distinct vertices of Ci incident to edges in K .
It is easy to see that since G is non-planar, at least one of the graphs C01, C
0
2 is
non-planar. Let C01 be non-planar.
By 5.2, (C1) is divisible by 3, and so x1, y1, and zi belong to the same part in
bipartition (A; B), say fx1; y1; zigA. Therefore C01 is a bipartite graph.
Since K is a matching, clearly V (C02) 6= ;, and so jV (C01)j< jV (G)j. Therefore by
the induction hypothesis, C01 has an odd subdivision H of K3;3.
Suppose that v 62V (H). Then H is an odd subdivision of K3;3 in G, and we are
done.
Therefore let v2V (H). Then E(H) \ fX1; Y1; Z1g 6= ;. Clearly V (C02) \ B 6= ;.
Let w2V (C02) \ B. Since G is 3-connected, by the Menger theorem, there exist three
inner disjoint paths wXx1, wYy1, and wZz1 in G such that V (C1) \ X = x1, V (C1) \
Y = y1, and V (C1) \ Z = z1. Let H 0 be obtained from H by replacing every edge in
E(H)\fX1; Y1; Z1g by the corresponding path from fX; Y; Zg. Clearly H 0 is a subgraph
of G. Since H is a subdivision of K3;3, clearly H 0 is also a subdivision of K3;3.
Since fx1; y1; zigA and w 2 B, the paths X , Y , and Z have odd numbers of edges.
Now since H is an odd subdivision of K3;3, clearly H 0 is also an odd subdivision
of K3;3.
(p3.2) Now suppose that each minimum cut K of G is a vertex star. Then for each
vertex 3-cut S of G, we have: G − S has an isolated vertex.
Since G is cubic and 3-connected, G − S has at most three components. Suppose
that G−S has exactly three components. If one of these components is not an isolated
vertex then G has an edge 3-cut which is a matching, and we have a contradiction
with our assumption. Therefore every component of G− S is an isolated vertex. Then
G is K3;3, and we are done.
Thus we can assume that G − S has exactly two components one of which is an
isolated vertex. Therefore G has no essential vertex 3-cuts. Since G is bipartite, G has
no triangles. Hence G is quasi-4-connected. Then by 4.3, G has an odd subdivision
of K3;3.
(In case (p3), we have actually shown that G satises the hypothesis of 4.5. There-
fore we could also obtain our result by using 4.5.)
We have a construction providing innitely many non-planar and 3-connected graphs
G having no odd subdivisions of K3;3 and such that G is either cubic but non-bipartite
or bipartite but not cubic.
6. Generalizations of matroid duality of graphs
In this section, we discuss generalizations of matroid duality of graphs and strength-
enings of Whitney’s planarity criterion. These results have been briey described
in [29].
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For simplicity we say a circuit instead of the edge set of a circuit.
A graph F is called a matroid dual of a graph G if there is a bijection  :E(G)!
E(F) such that C is a circuit in G if and only if (C) = f(e): e 2 Cg is a cocircuit
of F .
Whitney’s planarity criterion is well known:
6.1 ([46]). A graph is planar if and only if it has a matroid dual graph. In other
words, the class of graphs closed under the ‘matroid duality’ is exactly the class of
planar graphs.
One direction of possible development of matroid duality results on graphs is to
replace the set of all circuits in a graph by a subset of circuits of certain type [23].
Here is an example of results along this line.
A circuit of G without edge-chords is called a hole of G. In other words, a circuit A
of G is a hole of G if either A is a loop or G=A has the same set of loops as G. Now
the notion of a cohole (which is matroid dual to a hole) can be dened as follows
[23]. A cocircuit A of G is a cohole of G if either A is a coloop (a cut edge) or GnA
has the same set of coloops as G.
We say that a graph F is hole dual of a graph G if there is a bijection
 :E(G) ! E(F) such that C is a hole in G if and only if (C) = f(e): e 2 Cg is
a cohole of F .
The following is a natural strengthening of the classical Whitney planarity criterion.
6.2 ([23]). A graph without parallel edges is planar if and only if it has a hole dual
graph.
It is easy to see that the above theorem does not hold for graphs with parallel edges.
The notion of semi-duality of graphs which is a generalization of matroid duality
gives another idea on possible further development of matroid duality and strengthen-
ings of Whitney’s planarity criterion [23].
Given two graphs G and F , a bijection  :E(G) ! E(F) is called a circuit semi-
duality of G onto F if (C) = f(e): e 2 Cg is a cocircuit of F for every circuit C
in G.
A graph F is said to be a circuit semi-dual or simply semi-dual of a graph G if
there is a bijection  :E(G)! E(F) such that if C is a circuit in G then (C)=f(e):
e 2 Cg is a cocircuit of F . Clearly, when studying semi-duality we can restrict ourself
by considering only 2-connected graphs.
A semi-duality of graphs can be interpreted as a special coloring of edges of one
graph by the edges of another graph. Namely let F and H be graphs, and c :E(F)!
E(H) be a surjective function. We say that c(e) is the color of an edge e in F and
function c is an H -coloring of F . An H -coloring c of F is called a circuit semi-
dual H -coloring if c−1(D) = fc−1(e): e 2 Dg is a cocircuit of F for every circuit
D in H .
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Fig. 1. F1 is a perfect and minimal semi-dual of G1.
Let Hc be the graph obtained from H by subdividing each edge h into a set S(h) of
jc−1(h)j edges. Let h : S(h)! c−1(h) be an arbitrary bijection. For e 2 E(Hc)\S(h),
put c(e) = h(e). Then clearly c :E(Hc)! E(F) is a bijection.
It is easy to see that
6.3: If c is a circuit semi-dual H -coloring of F then c is a circuit semi-duality from
Hc to F .
Clearly if F is a matroid dual of G then F is a circuit semi-dual of G.
We say that F is a proper semi-dual of G if F is a circuit semi-dual but not a
matroid dual of G. If F is a circuit semi-dual of a non-planar graph G then obviously
F is a proper semi-dual of G.
Examples of a proper semi-duality are given in Figs. 1{4.
In 1987 we proved the following strengthening of Whitney’ planarity criterion 6.1
using the notion of a circuit semi-duality.
6.4 ([23]). Let G be a graph obtained from a vertex 3-connected graph by subdividing
at most one edge. Then a graph F is a circuit semi-dual of G if and only if F is a
matroid dual of G.
We can prove that
6.5: Let G be a subdivision of K3;3 such that at least one edge of K3;3 is not subdivided
in G. Then G has no circuit semi-dual graph.
From 3:1 and 6:5 we have
6.6: Let H be a non-planar 3-connected graph and W be a subgraph of H having no
3-edge matchings [for example W is a subgraph induced by the edges incident to two
vertices or a subgraph induced by a set of ve vertices]. Let G be a graph obtained
from H by subdividing the edges of W . Then G has no circuit semi-dual graph.
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Fig. 2. F2 is a perfect and minimal semi-dual of G2.
Theorem 6:6 can further be strengthened for quasi-4-connected graphs.
6.7: Suppose that G is a subdivision of a quasi-4-connected non-planar graph H and
that at least one edge of H is not subdivided in G. Then G has no circuit semi-dual
graph.
We also know that
6.8 ([22]). Suppose that a graph G has a Hamiltonian circuit. Then a graph F is a
circuit semi-dual of G if and only if F is a matroid dual of G.
It is easy to see that
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Fig. 3. F3 is a perfect and minimal semi-dual of G3.
6.9: Let  : e(G)! E(F) be a circuit semi-duality of G onto F , and e be an edge of
G. Then the restriction jE(G)ne is a circuit semi-duality of Gne onto F=e.
By using the above results, we obtain the following strengthening of Whitney’s
planarity criterion 6.1.
6.10: Let G be a graph satisfying one of the following conditions:
(h1) H is a 3-connected graph, W is a subgraph of H having no 3-edge matchings,
and G is obtained from H by replacing the edges of W by some 2-connected
planar two-poles,
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Fig. 4. F4 is a perfect and minimal semi-dual of G4.
(h2) G is obtained from a Hamiltonian graph H by replacing edges of a Hamiltonian
circuit by some 2-connected planar two-poles, and
(h3) G is obtained from a quasi-4-connected graph H with a specied edge e=xy as
follows: replace some vertices of degree three distinct from x, y by 3-connected
planar three-poles and replace some edges distinct from e in the resulting graph
by 2-connected planar two-poles.
Then G is planar if and only if it has a semi-dual graph.
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Proof (uses 6.6,6.8,6.7, and 6.9). (p1) Suppose that G is a planar graph. Then there
exists a matroid dual graph of G which is obviously a circuit semi-dual of G.
(p2) Now suppose that G is a non-planar graph. We will show that G has a subgraph
L which does not have a circuit semi-dual graph. Then by 6.9, G has no circuit
semi-dual graph.
(p2.1) Suppose that G satises condition (h1). Since two-poles in (h1) are 2-conne-
cted, G contains a subgraph H which is obtained from H by subdividing the edges of
W . Since G is non-planar and two-poles that replace the edges are 2-connected and
planar, it follows that H is non-planar. Therefore by 6:6, H has no circuit semi-dual
graph.
(p2.2) Suppose that G satises condition (h2). Since two-poles in (h2) are 2-conne-
cted, G has a subgraph H obtained from H by subdividing some edges of a Hamil-
tonian circuit of H . Therefore H has a Hamiltonian circuit. Since G is non-planar
and two-poles that replace the edges are 2-connected and planar, it follows that H is
non-planar. Therefore H is non-planar. By 6:8, H has no circuit semi-dual graph.
(p2.3) Suppose that G satises condition (h3). Since in (h3) two-poles are 2-
connected and three-poles are 3-connected, G has a subgraph H obtained from H by
subdividing some edges distinct from e. Since G is non-planar and in (h3) two-poles
are 2-connected and planar, and three-poles are 3-connected and planar, it follows
that H is non-planar. Therefore H is non-planar. By 6:7, H has no circuit semi-dual
graph.
The above results provide some sucient conditions for a graph not to have a proper
semi-dual graph. Now we will discuss some results on existence of proper semi-dual
graphs.
It is easy to see that
6.11: Let G and H be graphs and G and H be circuit semi-dual graphs of G and
H; respectively. Let g and g be an edge of G and the corresponding edge of G.
Similarly; let h and h be an edge of H and the corresponding edge of H. Then
Gg(:)hH is a circuit semi-dual of Gg : hH (see the denition of operation (:) in
Section 2).
We say that F is a perfect semi-dual of G if F is a proper semi-dual of G and every
two edges of G, belonging to a common edge 2-cut, correspond to two non-adjacent
edges in F .
From 6:11 it follows, in particular, that there are innitely many edge 3-connected
graphs that have perfect semi-dual graphs. Therefore in 6:4 and 6:6 the condition vertex
3-connected cannot be replaced by edge 3-connected.
We have a construction that shows in particular that
6.12: Let G be a 2-connected graph. Then there exists a subdivision G of G such
that G has a perfect semi-dual graph.
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By using this construction, we can also prove the following:
6.13: Let G be a 2-connected graph with n vertices and m edges, and let G be the
graph obtained from G by subdividing each edge into 2m−n edges. Then G has a
perfect semi-dual graph.
We say that F is a minimal semi-dual of G if F is a semi-dual of G and Fn(e)
is not a semi-dual of G=e for every edge e 2 E(G) and for every circuit semi-duality
 from G to F .
The graph Fi in Figure i is a perfect and minimal semi-dual of Gi, i = 1; 2; 3; 4.
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